An extended test body moving in a curved spacetime does not typically follow a geodesic, because of forces that arise from couplings between its multipole moments and the ambient curvature. An illustration of this fact was provided by Wisdom, who showed that the motion of a quasi-rigid body undergoing cyclic changes of shape in a curved spacetime deviates, in general, from a geodesic. Wisdom's analysis, however, was recently challenged on the grounds that the body's motion should be described by the Mathisson-Papapetrou-Dixon equations, and that these predict geodesic motion for the kind of body considered by Wisdom. We attempt to shed some light on this matter by examining the motion of an internally-moving tripod in Schwarzschild spacetime, as viewed by a Fermi observer moving on a timelike geodesic. We find that the description of the motion depends sensitively on a choice of cycle for the tripod's internal motions, but also on a choice of "center of mass" for the tripod; a sensible (though not unique) prescription for this "center of mass" produces a motion that conforms with Wisdom's prediction: the tripod drifts away from the observer, even when they are given identical initial conditions. We suggest pathways of reconciliation between this conclusion and the null result that apparently follows from the Mathisson-Papapetrou-Dixon equations of motion.
I. INTRODUCTION
[Disclaimer: In this work we employ a constrained Lagrangian formalism in order to model a body undergoing cyclic changes of shape in a curved spacetime. However, this constrained Lagrangian formalism is not necessarily consistent with motions generated by internal forces alone, and may exhibit undesirable features even in special relativity. For instance, from the discussion in Sec. III B it can be seen that if a body initially at rest with respect to some inertial observer starts a cyclic motion, it may acquire a nonzero velocity with respect to the same observer for some choices of cycles. It appears, therefore, that additional restrictions should be imposed on the cycle for it to be consistent with the operation of internal forces alone, otherwise we might be led to interpret as "swimming" something that is due to an unreasonable power of the agent responsible for keeping the body's motion. Considerations along these lines, raised largely through a discussion with Amos Ori, cast some doubts on the applicability of the constrained Lagrangian formalism to study swimming in curved spacetimes. Nonetheless, we still believe the calculations presented here are technically correct, and might be instructive for future research on related problems.]
It is a well-known fact that in general relativity, an extended test body may not move on a timelike geodesic, because of forces that typically arise from couplings between its multipole moments and the ambient curvature. Wisdom provided a vivid illustration of this fact in a 2003 paper [1] , where he demonstrated that a test body undergoing cyclic changes of shape -a swimmer -does not move on a geodesic. Wisdom gave a concrete example of this effect by calculating the displacement of a tripod relative to a geodesic in Schwarzschild spacetime; he found the displacement to scale with the spacetime curvature and the extent of the tripod's internal motions. The effect was shown to be small and uninteresting from a practical point of view, but it is nevertheless interesting as a matter of principle.
The validity of Wisdom's analysis, however, was recently called to question by Silva, Matsas, and Vanzella [2] . The objection raised in their work relies on the observation that the swimmer's motion ought to be governed by the Mathisson-Papapetrou-Dixon (MPD) equations [3] [4] [5] [6] [7] ,
where p α is the body's momentum vector, S αβ its spin tensor, u α the tangent to the world line, R αβγδ the Riemann tensor, and D/dτ indicates covariant differentiation with respect to proper time τ . These equations are meant to describe the motion of a generic extended body, in a pole-dipole approximation that neglects the influence of higher multipole moments. The MPD equations indicate that the force acting on an extended body should scale with the curvature, as was observed in Ref. [1] , but after a deeper examination, the authors of Ref. [2] conclude that they are incompatible with the swimming motion revealed by Wisdom; according to Eq. (1.1), the tripod should move arXiv:1707.08870v2 [gr-qc] 18 Dec 2017 on a geodesic. The authors attempt to rescue the phenomenon by suggesting that the motion might scale with the covariant derivative of the Riemann tensor, instead of the Riemann tensor itself, but this suggestion is incompatible with Wisdom's findings.
We take this opportunity to revisit Wisdom's original analysis, and to calculate in a novel way the motion of an internally-moving tripod in Schwarzschild spacetime. Instead of describing the motion in the static frame of the Schwarzschild spacetime, as Wisdom did, we prefer to exploit a reference frame attached to a freely moving observer who follows a timelike geodesic. Observer and tripod are given identical initial positions and velocities in the spacetime, and the tripod's motion is measured relative to the observer's rest frame. Our implementation of this idea relies on Fermi normal coordinates, which allow us to write the metric in a convenient locally-flat form. The Riemann tensor appears explicitly in the metric, and this clarifies its influence on the tripod's motion. And because the Fermi coordinates are constructed from geodesic segments that are everywhere orthogonal to the observer's world line, they come with a transparent geometrical meaning that helps clarify the description of the motion.
We begin in Sec. II with a review of Fermi normal coordinates attached to a radial, timelike geodesic in a static, spherically symmetric spacetime. In Sec. III we formulate our precise model for the tripod, specify the cycle of its internal motions, construct its Lagrangian, and derive the equations of motion. A delicate matter that presents itself is the designation of an appropriate "center of mass" (CM) for the tripod, which we use to track the motion of the tripod as a whole. Our relativistic definition is based on the requirements that there should be no swimming in Minkowski spacetime, and that the CM should always be contained within the body for any cycle of internal motions. These requirements determine the CM position up to a constant shift, and completing the prescription with a specification of this shift turns out to be an important aspect of our analysis, with a significant bearing on our conclusions.
We integrate the equations of motion in Sec. IV. We begin with a discussion of motion in de Sitter spacetime, and show that the shift freedom in the CM definition can be exploited to remove a drift from geodesic motion that would otherwise be present. With the CM position fully specified by this prescription, we place the tripod in the Schwarzschild spacetime and show that the coupling between its internal motions and the spacetime curvature prevents it from following a geodesic. The tripod's world line is not a geodesic, but we find that it asymptotes to a geodesic when the tripod is allowed to approach the central singularity of the Schwarzschild metric; the asymptotic geodesic is distinct from the reference geodesic of the freely-falling observer.
In Sec. V we propose two paths of reconciliation with the MPD equations. In the first, we suggest that the MPD equations may not apply to the tripod, because their derivation relies crucially on energy-momentum conservation. The tripod, on the other hand, does not conserve energy and momentum, because external agents are required to keep the tripod on its cycle, and these can supply the missing energy and momentum. We provide evidence to support this suggestion by generalizing the MPD equations to a constrained mechanical system, and showing that the resulting equations do differ from Eqs. (1.1). The second path of reconciliation is a suggestion that the apparent incompatibility between Wisdom's swimming and the MPD equations might not be real, but the result of a misinterpretation of the equations. The main point is that Eqs. (1.1) are empty of content until a relation between p α and u α is specified through the selection of a suitable "center of mass" for the extended body. Our considerations in Sec. III remind us that this can be a very delicate matter. A simple extended body might motivate the introduction of a simple auxiliary condition such as p α S αβ = 0, which yields an explicit relation between p α and u α . But a tripod undergoing cyclical internal motions is not simple, and it is likely that the relation between p α and u α is far more complicated in this case, involving the details of the tripod's design. And until this relation is identified, the predictions of Eq. (1.1) must remain ambiguous.
II. FERMI COORDINATES
The motion of an extended body in any spacetime can be described from the point of view of an observer moving on a reference timelike geodesic γ, which is imagined to stay within the body's neighborhood. The coordinates that best capture this point of view are the Fermi normal coordinates (t, x a ), in which t measures proper time on γ, and the spatial coordinates x a measure proper distance on spacelike geodesics that are orthogonal to γ. In relativistic units with c = 1, used throughout the paper, the metric of the spacetime is given by
1b)
up to cubic terms in the spatial coordinates; the components of the Riemann tensor are evaluated on γ and expressed as functions of proper time t. The metric is flat on γ, with a vanishing connection, and the Fermi coordinates define the rest frame of the observer moving on γ. (An introduction to Fermi coordinates can be found in Ref. [8] . An alternative is Sec. 9 of Ref. [9] .) We consider a static, spherically symmetric spacetime with metric
in which f is a function of R. For concreteness below we shall take f = 1 − 2GM/R, so that the metric is that of the Schwarzschild spacetime, which describes the geometry outside a spherical body of mass M . We will also consider the case of de Sitter spacetime, for which f = 1 − k 2 R 2 , with k 2 proportional to the spacetime curvature. The reference timelike geodesic γ is chosen to be a radial world line with tangent vector
where E, the dimensionless energy parameter, is a constant of the motion. The radial component u R of the tangent vector is negative, which indicates that R decreases along γ; in the context of the Schwarzschild spacetime, the reference observer falls toward the central object of mass M .
The vectors e α a are defined to be mutually orthogonal, orthogonal to u α , and parallel transported on γ. It is easy to show that the set
satisfies these requirements. The vector e α 1 points in the direction of decreasing Φ, e α 2 in the direction of increasing Θ, and e α 3 is mostly aligned with the direction of increasing R. The triad forms a right-handed system, and the third direction is identified with the "up" direction.
The components of the Riemann tensor in Fermi coordinates are equal to its projections in the tetrad formed by u α and e α a . We have 5) and calculation yields the nonvanishing components
where
with a prime indicating differentiation with respect to R. Making the substitutions in Eq. (2.1) produces the nonvanishing components of the metric perturbation h αβ . In particular, h 0a = 0 for our choice of γ.
III. TRIPOD MODEL
We wish to determine the motion of a swimmer in the spacetime described in Sec. II. We adopt Wisdom's model [1] , in which the swimmer is given the shape of a tripod; refer to Fig. 3 of his paper. The tripod consists of a "head" of mass m 0 and three "feet" of equal mass m 1 . The feet are attached to the head with massless struts. Each strut has a length (t) and makes an angle α(t) with the axis of symmetry. We construct the tripod's Lagrangian by adding the individual Lagrangians of the head and feet and incorporating the constraints enforced by the struts; we neglect the stresses in the struts.
A. Newtonian description
We begin with a Newtonian description of the tripod, in the absence of gravity. In an inertial frame (x, y, z), the coordinates of the tripod's head are denoted r 0 = (x 0 , y 0 , z 0 ). The coordinates of each foot are given by
We adopt the position of the tripod's center of mass (CM), given by
as generalized coordinates. A simple calculation then reveals that up to an irrelevant function of time, the tripod's Lagrangian
in which an overdot indicates differentiation with respect to t. This Lagrangian is identical to that of a free particle, and we conclude that the tripod's CM will stay at rest if it begins at rest. There is no swimming in this Newtonian description.
B. Relativistic description: flat spacetime
We continue to ignore gravity, and consider the tripod's dynamics in special relativity. We actually consider an approximate description in which all speeds are assumed to be small compared to the speed of light, so that only the leading relativistic correction is incorporated in each particle's Lagrangian,
We work in a Lorentz frame (t, x, y, z) and continue to relate the coordinates of the feet to those of the head by Eq. (3.1). We make a relativistic adjustment to the CM variables, so that they are now given by
where δz shall be determined below. Making the substitutions in the tripod's Lagrangian, we observe that it has the structureL
where each a i depends on the time derivative of cos α and sin α; the function a 4 (t) also implicates δż. Our prescription 1 for the CM adjustment δz is based on the requirements that (i) the CM should stay within the body for any cycle of internal motions, and (ii) the CM should move uniformly on a straight path; in particular, the CM should stay at rest if it begins at rest in the adopted Lorentz frame. Now, the form of the Lagrangian in Eq. (3.5) implies that p z := ∂L/∂ż =ż(1 + · · · ) + a 4 (t), where the ellipsis represents relativistic corrections; p z is a constant of the motion by virtue of the Euler-Lagrange equation. It follows that p z = a 4 (0) when we impose the initial conditioṅ z(0) = 0, taking the CM to be initially at rest. At later times we have that a 4 (0) =ż(1 + · · · ) + a 4 (t), and we find thatż = 0 unless a 4 (t) = a 4 (0). In other words, a CM initially at rest will be moving at later times, in violation of our second requirement, unless we demand that a 4 (t) be a constant. Because this function implicates δż, we find that the condition a 4 (t) = a 4 (0) implies
where k := a 4 (0). To determine k we appeal to our first requirement. We observe that for a given choice of cyclic functions (t) and α(t), the right-hand side of Eq. (3.6) will be a periodic function with (typically) a nonzero average, giving rise to a δz that features periodic oscillations superposed to a linear growth. To kill the growth and ensure that the CM does not drift away from the body, we choose k in such a way that the average of δż vanishes. In this way, our requirements determine the CM completely, except for the remaining freedom to choose the initial condition δz(0) when integrating Eq. (3.6). With this prescription, there is no swimming in flat spacetime.
C. Relativistic description: curved spacetime
We next incorporate gravity by placing the tripod in the spacetime described in Sec. II. The coordinates (x, y, z) now refer to the Fermi frame attached to a radial geodesic of the spacetime described by Eq. (2.2), and t is proper time measured by an observer moving on this geodesic.
A point mass m moving freely in the spacetime is described by the word line x α = r α (t), with r 0 = t. The coordinate velocities are v α = dr α /dt, with v 0 = 1. Taking into account that h 0a = 0, the particle's Lagrangian is
As we did previously, we assume that v 1 and expand L in powers of v 2 , taking h αβ to be of order v 2 and keeping L linear in the curvature (that is, neglecting terms quadratic in h 00 ). If we also discard the irrelevant constant term −m, the Lagrangian becomes
We recognize the Newtonian kinetic energy 
where (x, y, z) are the components of the spatial vector r a , (ẋ,ẏ,ż) those of v a , and v 2 :=ẋ 2 +ẏ 2 +ż 2 . To construct the tripod's Lagrangian we apply Eq. (3.9) to the head and feet, and incorporate the constraints of Eq. (3.1).
2 The tripod's position is described by the CM variables x, y, and z, which are defined by Eq. (3.4), with δz assigned to be a solution to Eq. (3.6). We recall from Sec. II that z represents the geodesic distance between the CM and the reference observer, in the longitudinal direction (increasing R), as measured in the observer's rest frame. On the other hand, x and y measure the geodesic distance between CM and observer in the transverse (angular) directions. The CM is given the initial conditions x = y = z = 0 =ẋ =ẏ =ż, so that it is initially moving with the reference observer. We wish to determine the CM's motion at later times.
We simplify the tripod's Lagrangian by removing all terms that do not involve the generalized coordinates and velocities (that is, terms that are prescribed functions of t) and performing a transformation to cylindrical coordinates ( , ϕ, z) defined by x = cos ϕ and y = sin ϕ. The final expression is rather long, and we shall not display it here. Inspection of the Lagrangian reveals that it is independent of ϕ, so that p ϕ = ∂L/∂ϕ is a constant of the motion. We also find that p ϕ ∝φ, so that p ϕ = 0 =φ at all times by virtue of the initial conditions. We are therefore free to discard all terms involvingφ from the Lagrangian, and restrict the phase space to (˙ , ,ż, z).
To leading order in an expansion in powers of v 2 , the Lagrangian is given bȳ
with O( ) representing the relativistic corrections; A and B are given by Eq. (2.7). At this order the equations of motion arez 11) and these are recognized as components of the geodesic deviation equation. The equations imply that with the initial conditions z = = 0 =ż =˙ , the solution shall be of the form z = O( ) and = O( ), with deviations from the reference geodesic coming entirely from the relativistic terms in the Lagrangian. This fact allows us to simplify the Lagrangian further, by eliminating terms that scale as 3 and higher powers of . We thus obtain
and where k is defined by Eq. (3.6). The terms
were eliminated from the Lagrangian, because and˙ do not appear in the remaining terms of order 2 . This part of the Lagrangian therefore decouples from the one displayed in Eq. (3.12), and its form implies that the solution to the equations of motion with the stated initial conditions is = O( 3 ). The simplification has therefore eliminated and˙ from the list of dynamical variables, and the effective Lagrangian now depends solely upon z andż. In this simplified description, the tripod's internal motions produce a longitudinal displacement with respect to the reference geodesic, but no transverse displacement.
The equations of motion that follow from the Lagrangian of Eq. (3.12) can be cast in the first-order forṁ
where p z is the momentum conjugate to z, or in the second-order form
As stated previously, the equations are to be integrated with the initial conditions z = 0 =ż, so that the tripod begins its journey on the reference geodesic.
D. Tripod cycle
We consider two families of cycles for the tripod's internal motions. The first is described by
in which oscillates and α is monotonic; χ is an arbitrary phase constant and T is the period. This cycle traces a cosine function in the α-plane, and the area under the curve is equal to 3π 0 . This family is particularly simple, and it allows us to integrate Eq. (3.6) analytically; we obtain
160(m 0 + 3m 1 ) 3 T 2 (1320m 0 − 1980m 1 )(cos α − cos χ) − (380m 0 − 570m 1 )(cos 2α − cos 2χ) + (40m 0 + 480m 1 )(cos 3α − cos 3χ) − 405m 1 (cos 4α − cos 4χ) + 108m 1 (cos 5α − cos 5χ) − 10m 1 (cos 6α − cos 6χ) , 160(m 0 + 3m 1 ) 3 T 2 (560m 0 + 270m 1 ) − (1320m 0 − 1980m 1 ) cos χ + (380m 0 − 570m 1 ) cos 2χ − (40m 0 + 480m 1 ) cos 3χ + 405m 1 cos 4χ − 108m 1 cos 5χ + 10m 1 cos 6χ − (60m 0 + 3780m 1 ) cos α + (180m 0 + 2220m 1 ) cos 2α − (20m 0 + 1680m 1 ) cos 3α + 1005m 1 cos 4α − 252m 1 cos 5α + 20m 1 cos 6α , (3.18c)
128(m 0 + 3m 1 ) 3 T 2 138 sin α − 149 sin 2α + 153 sin 3α − 76 sin 4α + 15 sin 5α − sin 6α .
The second family of cycles is described by
in which oscillates between 0 and 2 0 in the course of a complete period, while α oscillates between π/6 and π/3. This cycle traces an ellipse in the α-plane, sweeping out a surface with area (π 2 /24) 0 sin χ. We shall focus our attention mostly on the cycle of Eq. (3.16), and take advantage of its simplicity. We shall also, however, present numerical results for the cycle of Eq. (3.19).
IV. TRIPOD MOTION: RESULTS

A. de Sitter spacetime
We begin with a discussion of the tripod's motion in de Sitter spacetime, for which f = 1 − k 2 R 2 and the curvatures of Eq. 
where g := a −ḃ + c −ḋ. From Eq. (3.13) we see that when and α are periodic, g(t) will also be a periodic function of t with mean g 0 := T When T t 0 , which defines the regime of rapid cycles, the oscillatory terms in g(t) give a negligible contribution to the integral of Eq. (4.1), and z(t) is well approximated by
Now, for an arbitrary choice of δz 0 , g 0 is nonzero and the geodesic observer sees the tripod drifting away exponentially. Such a drift is paradoxical, because de Sitter spacetime is maximally symmetric, and there can be no preferred direction for the tripod's motion relative to the reference geodesic. But we have the option to eliminate this drift by adjusting δz 0 so that g 0 = 0. For this specific choice of CM we have that z(t) = 0, which means that when the CM is placed initially on a geodesic in de Sitter spacetime, it will continue to move on this geodesic (at least in the regime of rapid cycles). This choice of CM gives us the expected geodesic motion for a tripod in de Sitter spacetime, and therefore provides us with a sensible prescription for the determination of δz 0 . This prescription can be applied to any spacetime. The point remains, however, that geodesic motion reflects a choice of CM, and that an alternative choice would generically produce the drift described by Eq. (4.3) .
B. Schwarzschild spacetime
We next turn to Schwarzschild spacetime, for which f = 1 − 2GM/R; the tripod falls toward a spherical body of mass M . For γ we choose a marginally bound, radial geodesic with E = 1, so that dR/dt = − √ 1 − f = − 2GM/R, which integrates to
where t 0 is now the time at which R is formally equal to zero; recall that in our notation, t is proper time on γ. 
To evaluate the integrals we discard the terms involvingȦ andḂ in F , which give negligible contributions until t approaches t 0 . This gives F 2g/[9(t 0 − t) 2 ], withg := a −ḃ − 2(c −ḋ). The functiong(t) is periodic with meañ
[a(t) − 2c(t)]dt, and for the cycle described by Eq. (3.16),
− (120m 0 + 1440m 1 ) cos 3χ + 1215m 1 cos 4χ − 324m 1 cos 5χ + 30m 1 cos 6χ .
Discarding the oscillations ing(t), because they give negligible contributions to the integrals in the regime of rapid cycles, and keeping only the mean, Eq. (4.6) becomes
When t/t 0 is small, Eq. (4.8) reduces to z ∼ 1 9g 0 (t/t 0 ) 2 . On the other hand,
when t approaches t 0 . Equation (4.8) describes a drift relative to the reference geodesic, and the drift is proportional tog 0 given by Eq. (4.7). Becauseg 0 depends on δz 0 , we see once again that the description of the tripod's motion depends sensitively on the choice of CM. An option would be to adjust δz 0 so thatg 0 = 0, and to eliminate the drift in Schwarzschild spacetime. This would make an alternative prescription for the complete determination of the CM, and adopting it for de Sitter spacetime would give g 0 = 0 and a drift relative to the reference geodesic; we would recover the same paradox as described in Sec. IV A. A more sensible prescription is the one adopted in Sec. IV A, which gives no drift in de Sitter spacetime. With this original prescription, and for the cycle of Eq. (3.16), we have that
and there is a drift in Schwarzschild spacetime.
In Fig. 1 we show that Eq. (4.8) with theg 0 of Eq. (4.10) is indeed a good approximation to the exact solution of Eq. (3.15) with initial conditions z = 0 =ż at t = 0, for the cycle of Eq. (3.16) and a δz 0 determined by the de Sitter condition g 0 = 0. A similar comparison for the cycle of Eq. (3.19) is presented in Fig. 2 . We note that whether the CM lags behind or sprints forward relative to the geodesic observer depends on the specific choice of cyclic motion.
The analytical expression of Eqs. (4.8) and (4.10) allows us to calculate the tripod's drift after one cycle of its internal motions. This is measured by z(T ), which evaluates to
2 after taking into account that t 0 T . Substituting Eq. (4.7) and relating t Fig. 1 for the cycle of Eq. (3.19). Again we set t0/T = 15, m0/(m0 + 3m1) = 0.7, and m1/(m0 + 3m1) = 0.1. The phase parameter is set to χ = 0 (red curves, dash), χ = π/4 (green curves, dash and single dot), χ = π/2 (blue curves, dot), and χ = 3π/4 (orange curves, dash and double dots). The broken, colored curves are the result of numerical integrations, while the solid, black curves are the analytical approximation of Eq. (4.8), with the appropriateg0 for this cycle evaluated at the corresponding χ (g0 depends on χ for this cycle). A negative z indicates that the tripod drifts downwards, in the direction of decreasing R in the spacetime.
FIG. 2. Same as
We observe that the drift scales with m 0 m 1 /(m 0 + 3m 1 ) 2 , 2 0 , the area 3π 0 of the α-plane swept out by the tripod's cycle, and with the curvature GM/R 3 . All these ingredients are also featured in Wisdom's Eq. (20) [1] , and we therefore have recovered the essence of his result. We do not get a precise match -the numerical prefactor is different -because we adopt a different cycle for the tripod's internal motions, model the struts in a slightly different way, and work in the Fermi frame of the free-falling observer instead of the static frame of the Schwarzschild spacetime.
As a final comment, it is interesting to note that the asymptotic relation (4.9), as t approaches t 0 , describes a geodesic of the Schwarzschild spacetime. Indeed, the homogeneous version of Eq. (3.15),z + Bz = 0, is a component of the geodesic deviation equation, and its general solution
describes a geodesic of the Schwarzschild spacetime that neighbors the reference geodesic γ. The first term dominates as t approaches t 0 , and we see that with 4z(0) + 3t 0ż (0) = 2g 0 , (4.13)
z geo becomes asymptotically equal to z. The world line described by Eq. (4.9), therefore, is a geodesic with initial conditions constrained by Eq. (4.13). This allows us to give an interpretation to the numerical results of Figs. 1 and 2. What we see is the tripod's CM gradually transiting to a new geodesic described by Eq. (4.9) after being launched from the reference geodesic. The tripod is initially directed along γ, but the coupling between its internal motions and the spacetime curvature prevents it from following the reference geodesic. The motion is therefore nongeodesic for 0 < t < t 0 , but it becomes increasingly geodesic as t → t 0 , that is, as the tripod approaches the curvature singularity at R = 0. The approach to the singularity follows a geodesic, irrespective of the internal motions 3 . The same reasoning can be applied to de Sitter spacetime, when a CM definition such that g 0 = 0 is adopted. In this case, the motion asymptotes to z ∼ 1 2 g 0 e 2t/3t0 when t t 0 , and this describes a geodesic of de Sitter spacetime with initial conditions constrained by 2z(0) + 3t 0ż (0) = 2g 0 .
C. Conclusion
Our main conclusion in this section is that the motion of the tripod relative to the reference geodesic depends sensitively on the choice of internal cycle, but also on the choice of δz 0 , the initial relativistic adjustment to the CM. The prescription advanced in Sec. III B left this quantity undetermined, and the prescription must therefore be completed by a choice of δz 0 . A sensible (though not unique) option is to choose δz 0 so that g 0 = 0, thereby ensuring that a tripod placed in de Sitter spacetime does not drift away from the initial geodesic; this choice is motivated by the absence of a preferred direction in a maximally symmetric spacetime. Adopting the same CM when the tripod is placed in the Schwarzschild spacetime gives rise to a drift, with an approximate description given by Eqs. (4.8) and (4.10), in accordance to Wisdom's original results [1] .
V. RECONCILIATION WITH THE MATHISSON-PAPAPETROU-DIXON EQUATIONS
The Mathisson-Papapetrou-Dixon (MPD) equations,
are meant to govern the motion of a generic extended body, in a pole-dipole approximation that neglects higher multipole moments but keeps the momentum vector p α and spin tensor S αβ ; the velocity vector u α is tangent to the world line, and D/dτ denotes a covariant derivative with respect to proper time τ . Many derivations of these equations have been provided (see, for example, Refs. [3, 4, 10] ), with the most comprehensive analysis supplied by Dixon [5] [6] [7] . The puzzle that concerns us in this section is that while the MPD equations would be thought to adequately govern the motion of the tripod, the detailed examination carried out by Silva, Matsas, and Vanzella [2] indicates that Eqs. (5.1) seem to be incompatible with the swimming motion described in Sec. IV.
One reason to suspect that Eqs. (5.1) may not apply to the tripod is that their derivation relies heavily on conservation of energy-momentum, as embodied by ∇ β T αβ = 0, where T αβ is the energy-momentum tensor of the extended body. (Alternative derivations depend on the existence of a Lagrangian for the extended body, and this automatically enforces energy-momentum conservation.) The tripod, on the other hand, is a constrained mechanical system that does not conserve energy and momentum: the external agents responsible for the internal motions must supply energy and momentum to keep the tripod on its cycle. This issue can be investigated by generalizing the Lagrangian-based derivation of Eqs. (5.1) provided by Bailey and Israel [11] to a constrained system. To showcase the modifications that result from the introduction of constraints, we consider the illustrative case of two particles moving freely in spacetime, except for a holonomic constraint that keeps their separation equal to a prescribed vector field f α . This is a covariant formulation of the type of tripod model introduced in Sec. III, and generalization to any number of particles (like four, for an actual tripod) is immediate.
Bailey and Israel place the two particles on physical world lines P 1 and P 2 , but describe their motion in terms of a reference world line C that represents an arbitrary choice of "center of mass". The world lines are given an arbitrary parameter t, the tangent vector to C is u α , and the separation between C and P A at fixed t is −σ α A , with A = 1, 2 labelling the particle. The Lagrangian L A of each particle is the usual −m A dτ A /dt evaluated on P A , which is rewritten in terms of fields on C; an explicit expression for the Lagrangian is given by their Eq. (76). The complete Lagrangian for the constrained system is L = L 1 + L 2 + L cons , with
where λ α (t) is a Lagrange multiplier, and f α (t) is the prescribed separation between the particles. The dynamical variables are defined by these equations can be used to determine the Lagrange multiplier. Variation with respect to C reproduces Eq. (47) from [11] without change (we set the electric charge e to zero), and their Eq. (51) acquires new terms coming from L cons . Putting all this together, truncating the description of the motion to the pole-dipole approximation, and setting t = τ = proper time on C, we find that the equations of motion take the form of
which differ from Eqs. (5.1) by an additional torque term provided by the constraints. As expected, the original MPD equations do not apply to a constrained Lagrangian system. Because Eqs. (5.5) are derived from a Lagrangian, they must be physically equivalent (after generalization to four particles, and approximation to weakly relativistic motion) to the equations of motion obtained in Sec. III, which also follow from a Lagrangian. To establish the equivalence explicitly would be difficult, because the two sets of equations implicate different variables, and because the constraints are implemented differently in each approach: in Sec. III the constraints were solved to express the Lagrangian in terms of the CM variables, while in this section they are enforced with Lagrange multipliers. Another obstacle toward establishing the equivalence of the two formulations is that Eqs. (5.5) remain empty of content until a relation between p α and u α is specified through the selection of a suitable "center of mass"; as we saw back in Sec. III, this can be a delicate matter. But in spite of these obstacles, we can be confident that Eqs. (3.14) or (3.15) and (5.5) describe the same system, because the two sets of equations originate from the same Lagrangian. In this admittedly incomplete way, we can reconcile Wisdom's swimming with the MPD framework.
It seems to us that the selection of a "center of mass" is probably the most critical aspect of the comparison between Wisdom's results [1] and the MPD framework; the additional terms in Eq. (5.5) may well be incidental. Indeed, we could imagine formulating a complete tripod model that includes all the springs and rubber bands that are dynamically responsible for the internal motions. Such a model could be described in terms of a Lagrangian or a conserved energy-momentum tensor, and such a tripod would be expected to satisfy Eqs. (5.1). But the selection of a "center of mass" for this model would be a delicate affair, and the precise relation between p α and u α might be complicated by the many details of the tripod's design. For example, the choice of "center of mass" that comes with the oft-used covariant spin supplementary condition, p α S αβ = 0, might be entirely inadequate for such an object. In
